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EVERY FINITE ACYCLIC QUIVER IS A FULL SUBQUIVER OF A QUIVER MUTATION
EQUIVALENT TO A BIPARTITE QUIVER
KYUNGYONG LEE
We give a very short proof of the claim in the title. Under certain circumstances, this result reduces the study
of acyclic cluster algebras to that of cluster algebras associated to bipartite quivers. For instance, it implies that the
positivity conjecture for skew-symmetric acyclic cluster algebras, whose known proofs [3, 4, 1] are quite technical, is
an immediate consequence of a result of Nakajima in [5].
A quiver Q = (Q0, Q1, t, h) is a finite oriented graph consisting of Q0, the set of vertices, Q1, the set of arrows,
and two functions t, h : Q1 −→ Q0 attaching to an arrow α its tail t(α) and head h(α). The quiver mutation has
been discovered in [2]. Let Q be any quiver without oriented cycles. Let ℓ be the maximum length of all oriented
paths in Q. Let Q(0) = Q. For each integer i ≥ 0, we construct a new quiver Q(i+1) from Q(i) as follows.
Step 1: Let Γi be the set of oriented paths in Q
(i) with length ℓ. Let α ∈ Q
(i)
1 be an arrow which does not lie in
any oriented path with length ℓ, i.e., α 6∈ γ for all γ ∈ Γi. (If no such arrow exists, then let j = i and go to Step 2.)
Introduce a new vertex vα. Add an arrow from h(α) to vα and another arrow from vα to t(α). Let Q
(i+1) be the
resulting quiver obtained by mutating at vα. Note that Q
(i+1) does not have oriented cycles. Repeat Step 1. This
step terminates in finitely many steps.
Step 2: Note that all maximal oriented paths in Q(j) have the same length. For each integer i ≥ j, let Q(i+1) be
the quiver obtained from Q(i) by mutating at all sources in Q(i). Then the length of every maximal oriented path in
Q(i) is equal to 1 or max(1, ℓ+ j − i) for i ≥ j. In particular, Q(i) is bipartite for i ≥ j + ℓ− 1.
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Add a new vertex 4,
an arrow from 2 to 4,
and an arrow from 4 to 1
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 Mutate at all sources  
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Remark. Applying the idea of embedding (followed by mutations) to general quivers, one can show that every quiver
without 2-cycles is a full subquiver of a quiver mutation equivalent to another quiver whose simple cycles have the
same positive weight.
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